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Abstract
In this paper, by investigating compact rotational hypersurfaces Mn in a unit sphere Sn+1(1), we get some integral formulas and
then apply the integral formulas to characterize torus S1(
√
k/n ) × Sn−1(√(n − k)/n ).
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Minimal hypersurfaces are among the most studied objects in differential geometry. They are characterized by
H = 0, where H is the mean curvature of the hypersurface. In recent years, some of their properties have been
generalized to k-minimal hypersurfaces (i.e. Hk = 0), where Hk is the kth mean curvature of the hypersurface.
At first, we give some examples of k-minimal hypersurfaces in Sn+1(1).
Example. Mk,n−k = S1(√k/n ) × Sn−1(√(n − k)/n ), 1 k  n − 1.
By a direct calculation, we deduce that Mk,n−k has two distinct constant principal curvatures
λ1 = · · · = λn−1 =
√
k/(n − k), λn = −
√
(n − k)/k.
By (2.9), we obtain Hk ≡ 0 and the squared norm S of the second fundamental form of Mk,n−k satisfies
S = n(k
2 − 2k + n)
k(n − k) .
Remark 1.1.
(1) When k = 1, we have
H1 = H = 0, S = n.
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H2 = 0, S = n
2
2(n − 2) .
J. Simons proved the following well-known formula.
Theorem 1.1. (See [9].) Let M be an n-dimensional compact minimal hypersurface (i.e. H1 = 0) in Sn+1(1), then∫
M
S(n − S)dV  0. (1.1)
In [4], Li obtained some rigidity result by the study of Cheng–Yau’s self-adjoint operator and some new estimates,
from Li’s result, we can obtain the following
Theorem 1.2. Let M be an n-dimensional compact hypersurface with constant scalar curvature n(n−1) (i.e. H2 = 0)
in Sn+1(1), then∫
M
S
{
n2
2(n − 2) − S
}
dV  0. (1.2)
From Theorems 1.1, 1.2 and Example, we know that the following problem is interesting.
Problem. Let M be an n-dimensional compact k-minimal hypersurface in Sn+1(1), is∫
M
S
{
n(k2 − 2k + n)
k(n − k) − S
}
dV  0 (1.3)
true?
In this paper, we solve this problem completely. Even for the special case—rotational hypersurface—(1.3) is not
true for k > 3. In fact, we prove:
Theorem 1.3. Let M be an n-dimensional compact k-minimal rotational hypersurface in Sn+1(1). If k = 3 and n > 6
or 3 < k < n, then the squared norm S of the second fundamental form of M satisfies∫
M
S
{
n(k2 − 2k + n)
k(n − k) − S
}
dV  0, (1.4)
and ∫
M
{
S2 −
[
n(k2 − 2k + n)
k(n − k)
]2}
dV  0, (1.5)
with equalities holding if and only if M is isometric to the Riemannian product S1(√k/n ) × Sn−1(√(n − k)/n ),
where Hk is the kth mean curvature of M .
2. Preliminaries
Let M be a rotational hypersurface of Sn+1, that is, invariant by the orthogonal group O(n) considered as a
subgroup of isometries of Sn+1(1). Let us parametrize the profile curve α in S2(1) by y1 = y1(s) 0, yn+1 = yn+1(s)
and yn+2 = yn+2(s). We take ϕ(t1, . . . , tn−1) = (ϕ1, . . . , ϕn) as an orthogonal parametrization of the unit sphere
Sn−1(1). It follows that the rotational hypersurface (see [2,3,6])
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(s, t1, . . . , tn−1) →
(
y1(s)ϕ1, . . . , y1(s)ϕn, yn+1(s), yn+2(s)
)
, (2.1)
ϕi = ϕi(t1, . . . , tn−1), ϕ21 + · · · + ϕ2n = 1 (2.2)
is a parametrization of a rotational hypersurface generated by a curve y1 = y1(s), yn+1 = yn+1(s) and yn+2 = yn+2(s).
Since the curve {y1(s), yn+1(s), yn+2(s)} belongs to S2(1) and the parameter s can be chosen as its arc length, we
have
y21(s) + y2n+1(s) + y2n+2(s) = 1, y˙21(s) + y˙2n+1(s) + y˙2n+2(s) = 1 (2.3)
where the dot denotes the derivative with respect to s and from (2.3) we can obtain yn+1(s) and yn+2(s) as functions
of y1(s). In fact, we can write
y1(s) = cos r(s), yn+1(s) = sin r(s) cos θ(s), yn+2(s) = sin r(s) sin θ(s). (2.4)
We can deduce from (2.3) that
r˙2 + θ˙2 sin2 r = 1. (2.5)
It follows from Eq. (2.5) that r˙2  1. Combining these with r˙2 = y˙211−y21 , we have
y˙21 + y21  1. (2.6)
Writing f (s) = y1(s), do Carmo and Dajczer proved the following lemma.
Lemma 2.1. (See [2].) Let Mn be a rotational hypersurface of Sn+1(1). Then the principal curvatures λi of Mn are
λi = λ = −
√
1 − f 2 − f˙ 2
f
(2.7)
for i = 1, . . . , n − 1, and
λn = μ = f¨ + f√
1 − f 2 − f˙ 2
. (2.8)
The kth mean curvatures Hk of the hypersurface M can be given in such a way that
CknHk =
∑
1i1<i2<···<ikn
λi1λi2 · · ·λik (2.9)
where Ckn = n(n−1)···(n−k+1)k(k−1)···1 , λis′ are the principal curvatures of M .
If M is a k-minimal rotational hypersurface (k < n) in Sn+1(1), then we can deduce that
0 = CknHk = Ck−1n−1λk−1μ + Ckn−1λk.
That is,
λk−1
{
(n − k)λ + kμ}= 0. (2.10)
By putting (2.7) and (2.8) into (2.10), we get the following result of Oscar Palmas [8].
Lemma 2.2. (See [8].) The rotational hypersurface Mn in Sn+1(1) has Hk = 0 (k < n) if and only if f satisfies the
following differential equation:
(n − k)(1 − f 2 − f˙ 2) k2 − k(1 − f 2 − f˙ 2) k−22 (f¨ + f )f = 0. (2.11)
Equation (2.11) is equivalent to its first order integral
f n−k
(
1 − f 2 − f˙ 2) k2 = K, (2.12)
where K is a constant.
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For a constant solution f = f0 in (2.11), one has that
f 20 =
n − k
n
, K0 =
(
k
n
) k
2
(
n − k
n
) (n−k)
2
.
Moreover, the constant solutions of Eq. (2.11) correspond to the Riemannian product S1(
√
k
n
) × Sn−1(
√
n−k
n
).
Equation (2.12) tells us that a local solution f of (2.11) paired with its first derivative is a subset, denoted by (f, f˙ ),
of a level curve for the function Gk defined by
Gk(u, v) = un−k
(
1 − u2 − v2) k2 , (2.13)
with u > 0 and u2 + v2  1.
Let us map the open half plane {(u, v) | u > 0} by level curve Gk = K (see Fig. 1).
Each curve is a smooth union of two graphs
v = ±
√
1 − u2 −
(
K
un−k
)2/k
, (2.14)
except for the level K0 given by (2.13). The level curve Gk = K0 consists of the unique critical point of Gk , which is
on the horizontal axis, as it can be seen from
∇Gk(u, v) = un−k−1
(
1 − u2 − v2) k−22 ((n − k)(1 − v2)− nu2,−kuv). (2.15)
For K = 0, the level curve u2 + v2 = 1 is a semi-circle. For K 	= 0, we can get easily that the level curve is closed
in the open half plane (in fact, in the semicircular region, see Fig. 1).
We consider the foliation of the open half plane by level curves Gk = K . Since Gm has a maximum at K0,
K ∈ [0,K0]. Clearly any curve at an intermediate level K is compact and the associated solutions r(s) attains a
unique minimum r1 > 0.
Now we have to consider two cases.
Case 1. K = 0.
K = 0 gives us a totally geodesic n-sphere. In fact, from K = 0 and Eq. (2.12), we get f 2 + f˙ 2 = 1. Integration
of f 2 + f˙ 2 = 1 with f (0) = 0, we obtain f = sin s and θ = constant, so the profile curve is a great circle which
generates a totally geodesic n-sphere.
Case 2. K ∈ (0,K0].
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f 2 + f˙ 2 < 1, 0 < f < 1. (2.16)
In this case, we claim that M has two distinct principal curvatures, that is, λ 	= μ. In fact, if λ = μ, then we see
from (2.7), (2.8) and (2.16) that
−(f¨ + f )f = 1 − f 2 − f˙ 2, (2.17)
then from Eqs. (2.11) and (2.16), we obtain that
(n − k)(1 − f 2 − f˙ 2)− k(f¨ + f )f = 0. (2.18)
By (2.18) and (2.17), we have
n
(
1 − f 2 − f˙ 2)= 0. (2.19)
This is a contradiction with (2.16). Hence we complete the proof of our claim.
Finally, we introduce Cheng–Yau’s self-adjoint operator.
Let M be an n-dimensional compact hypersurface in Sn+1(1). For any p ∈ M , we choose a local orthonormal
frame e1, . . . , en, en+1 in Sn+1(1) around p, such that e1, . . . , en are tangent to M . Take the corresponding dual
coframe ω1, . . . ,ωn,ωn+1. In this paper, we make the following convention on the range of indices:
1A,B,C  n + 1; 1 i, j, k  n; 1 a, b, c n − 1.
The structure equation of Sn+1(1) are (see [5])
dωA =
∑
B
ωAB ∧ ωB, ωAB = ωBA,
dωAB =
∑
C
ωAC ∧ ωCB − ωA ∧ ωB.
Restricted to M , we have ωn+1 = 0, thus
0 = dωn+1 =
∑
i
ωn+1i ∧ ωi, (2.20)
from Cartan’s lemma, we obtain
ωin+1 =
∑
j
hijωj , hij = hji . (2.21)
Then we get the structure equation of M as follows:
dωi =
∑
j
ωij ∧ ωj , ωij = ωji, (2.22)
dωij =
∑
k
ωik ∧ ωkj − 12Rijklωk ∧ ωl, (2.23)
where Rijkl is the curvature tensor of induced metric on M .
Gauss equation is
Rijkl = (δikδjl − δilδjk) + (hikhjl − hilhjk), (2.24)
n(n − 1)r = n(n − 1) + n2H 2 − S, (2.25)
where r is the normalized scalar curvature, H = 1
n
∑
i hii the mean curvature and S =
∑
i,j h
2
ij the norm square of
the second fundamental form of M , respectively.
The Codazzi equations are
hijk = hikj (2.26)
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hijkωk = dhij +
∑
k
hkjωki +
∑
k
hikωkj . (2.27)
The second covariant derivative of hij is defined by∑
l
hijklωl = dhijk +
∑
l
hljkωli +
∑
l
hilkωlj +
∑
l
hij lωlk. (2.28)
By exterior differentiation of (2.27), we have the following Ricci identities
hijkl − hijlk =
∑
m
hmjRmikl +
∑
m
himRmjkl. (2.29)
For a C2-function f defined on M , the gradient and the hessian (fij ) are defined by
df =
∑
i
f,iωi,
∑
j
f,ijωj = df,i +
∑
j
f,jωji . (2.30)
Thus, the differential operator  is defined by
f =∑
i,j
(nHδij − hij )f,ij . (2.31)
The differential operator  was introduced and used by Cheng and Yau in [1], Li in [4] to study compact hyper-
surfaces with constant scalar curvature in Sn+1(1), respectively.
It follows [1] that the operator  is self-adjoint.
3. k-Minimal rotational hypersurfaces in Case 2
In Case 2, we know that M has two distinct principal curvatures from Section 2, that is,
λ 	= μ. (3.1)
From (2.16) and (2.7), we can obtain that
λ 	= 0. (3.2)
We see from (2.10) and (3.2) that
(n − k)λ + kμ = 0. (3.3)
In [7], Otsuki proved the following
Lemma 3.1. (See p. 150 of [7].) Let M be an n-dimensional compact hypersurface in a unit sphere Sn+1(1) such
that the multiplicities of principal curvatures are all constant. Then the distribution of the space of principal vectors
corresponding to each principal curvature is completely integrable. In particular, if the multiplicity of a principal
curvature is greater than 1, then this principal curvature is constant on each integral submanifold of the corresponding
distribution of the space of principal vectors.
By Lemma 3.1 and (3.3), we have
λ,1 = · · · = λ,n−1 = 0, μ,1 = · · · = μ,n−1 = 0. (3.4)
By means of (2.27), we obtain
hijkωk = δij dλj + (λi − λj )ωij . (3.5)
Summarizing the arguments above, we obtain
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haab = 0, haan = λ,n, (3.7)
hnna = 0, hnnn = μ,n. (3.8)
Then we will prove the following key lemma.
Lemma 3.2. Let M be an n-dimensional k-minimal hypersurface in Sn+1(1) (n  3, k < n) and with two distinct
principal curvatures and assume that one of the principal curvatures of M is simple. Then we have
∑
i,j,k
h2ijk =
(3n − 2)k2 − 2nk + n2
n2(k − 1)2
∣∣∇(nH)∣∣2. (3.9)
Proof. Let λ1 = · · · = λn−1 = λ, λn = μ, then we have (n − k)λ + kμ = 0.
On one hand, by use of (3.6), (3.7) and (3.8), we have∑
i,j,k
h2ijk =
∑
a,b,c
h2abc + 3
∑
a,b
h2abn + 3
∑
a
h2ann + h2nnn
= 3
∑
a
h2naa + h2nnn = 3(n − 1)(λ,n)2 + (μ,n)2
= (3n − 2)k
2 − 2nk + n2
k2
(λ,n)
2. (3.10)
On the other hand, we see from (3.4) and (3.3) that
∣∣∇(nH)∣∣2 = {(n − 1) − n − k
k
}2
(λ,n)
2 = n
2(k − 1)2
k2
(λ,n)
2. (3.11)
We complete the proof of Lemma 3.2. 
Finally, we introduce another lemma due to the author [10].
Lemma 3.3. (See Theorem 1.2 of [10].) If M is an n-dimensional compact k-minimal connected hypersurface (n 3,
k < n) in Sn+1(1) and with two distinct principal curvatures. And assume that one of the principal curvatures of M
is simple (i.e. multiplicity 1). Then the squared norm S of the second fundamental form of M satisfies∫
M
{
S − n(k
2 − 2k + n)
k(n − k)
}
dV  0 (3.12)
with equality holding if and only if M is isometric to the Riemannian product S1(√k/n )×Sn−1(√(n − k)/n ), where
Hk is the kth mean curvature of M .
4. Proof of theorem
Proof of Theorem 1.3. From Section 2, we know that we have to consider two cases.
Case 1. M is a totally geodesic n-sphere, that is, hij = 0 and S =∑i,j h2ij = 0. In this case, we can easily get that
(1.4) and (1.5).
Case 2. M has two distinct principal curvatures λ and μ, moreover, λ 	= 0.
From Gauss equation, we know that
Ranan = 1 + λμ, (4.1)
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1
2
∑
i,j
Rijij (λi − λj )2 =
∑
a
Ranan(λ − μ)2
= (n − 1)(1 + λμ)(λ − μ)2
= (n − 1)n
2
k2
[
1 − n − k
k
λ2
]
λ2. (4.2)
A direct calculation then gives
S = (n − 1)λ2 + μ2 = n(k
2 − 2k + n)λ2
k2
. (4.3)
On one hand, we have the following formula by use of (2.31) and (2.25)
(nH) = nH	(nH) −∑
i
λi(nH),ii
= 1
2
	(nH)2 −
∑
i
(nH)2,i −
∑
i
λi(nH),ii
= 1
2
n(n − 1)	r + 1
2
	S − n2|∇H |2 −
∑
i
λi(nH),ii . (4.4)
On the other hand, we have through a direct calculation by use of (2.26) and (2.29)
1
2
	S =
∑
i,j,k
h2ijk +
∑
i
λi(nH),ii + 12
∑
i,j
Rijij (λi − λj )2. (4.5)
Putting (2.33) into (4.4), we have
(nH) = 1
2
n(n − 1)	r +
∑
i,j,k
h2ijk − n2|∇H |2 +
1
2
∑
i,j
Rijij (λi − λj )2. (4.6)
Since M is compact, we can deduce from (4.6) that∫
M
{∑
i,j,k
h2ijk − n2|∇H |2 +
1
2
∑
i,j
Rijij (λi − λj )2
}
dV = 0. (4.7)
From (4.2), (4.3), (4.7) and (3.9), we have
0 =
∫
M
{∑
i,j,k
h2ijk − n2|∇H |2 +
1
2
∑
i,j
Rijij (λi − λj )2
}
dV
=
∫
M
{
(3n − 2)k2 − 2nk + n2 − n2(k − 1)2
n2(k − 1)2
∣∣∇(nH)∣∣2 + (n − 1)n2
k2
[
1 − n − k
k
λ2
]
λ2
}
dV
=
∫
M
{
(3n − 2)k2 − 2nk + n2 − n2(k − 1)2
n2(k − 1)2
∣∣∇(nH)∣∣2 + n(n − 1)
k2 − 2k + nS
[
1 − (n − k)k
n(k2 − 2k + n)S
]}
dV
=
∫
M
{
k(n − 1)[n(2 − k) + 2k]
n2(k − 1)2
∣∣∇(nH)∣∣2 + n(n − 1)
k2 − 2k + nS
[
1 − (n − k)k
n(k2 − 2k + n)S
]}
dV. (4.8)
From k = 3 and n > 6 or n > k > 3, we can get that
n(2 − k) + 2k < 0. (4.9)
Combining (4.8) and (4.9), we obtain
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S
[
1 − (n − k)k
n(k2 − 2k + n)S
]
dV  0, (4.10)
that is∫
M
S
[
n(k2 − 2k + n)
k(n − k) − S
]
dV  0, (4.11)
with equality holding if and only if λ = constant and μ = constant. From (2.7), (2.8) and (4.3), we have
λ =
√
k
n − k , μ = −
√
n − k
k
.
Then we have that M is isometric to the Riemannian product S1(
√
k/n ) × Sn−1(√(n − k)/n ).
At last, we can see from (4.11) and (3.12) that∫
M
{
S2 −
[
n(k2 − 2k + n)
k(n − k)
]2}
dV  0,
and equality holding if and only if M is isometric to the Riemannian product S1(
√
k/n ) × Sn−1(√(n − k)/n ).
This completes the proof of Theorem 1.3. 
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